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Abstract
We consider two generalizations of Nadler’s theorem, one proved by Mizoguchi and Takahashi in re-
sponse to the Reich conjecture and another theorem proved by Kaneko. We show that due to the additional
conditions of these theorems the given multi-valued map reduces to a multi-valued contraction map. We
prove this result by showing that the orbit of the multi-valued map is bounded under the contractive condi-
tions of the two generalizations.
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1. Introduction
Let (X,d) be a complete metric space. The well-known Banach contraction theorem assures
us of a unique fixed point if a mapping T :X → X is a contraction. A number of authors defined
various contractive type mappings which are generalizations of the Banach contraction principle.
See [1,5,7,12] for some generalizations.
Nadler [11] in 1969 proved a multi-valued extension of the Banach contraction theorem. Many
fixed point theorems have been proved by various authors as generalizations to the Nadler’s
theorem where the contractive nature of the map is weakened along with some additional re-
quirements.
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ized to multi-valued mappings which map points into compact sets. Reich [14] asked whether this
theorem can be extended to multi-valued mappings whose range consists of closed and bounded
sets. Mizoguchi and Takahashi [10] in 1989 responded to this conjecture and proved the follow-
ing theorem.
Theorem 1.1 (Mizoguchi and Takahashi). Let (X,d) be a complete metric space. Suppose
T :X → CB(X) satisfies
H(T x,T y) α
(
d(x, y)
)
d(x, y) for all x, y ∈ X, x = y,
where α : (0,∞) → [0,1) and lim supr→t+ α(r) < 1 for all t  0. Then T has a fixed point in X.
Theorem 1.1 is same as Reich conjecture where the function α satisfies lim supr→t+ α(r) < 1
for all t > 0. A simple proof of Theorem 1.1 was given by Daffer and Kaneko [3]. See [2,4,8,15]
for various other responses to the Reich’s conjecture.
Another theorem we have considered is the following result of Kaneko [9]. A subset K of X is
called proximinal if for each x ∈ X, there exists an element k ∈ K such that d(x, k) = d(x,K),
where d(x,K) = inf{d(x, y): y ∈ K}. Let P(X) denote the family of all bounded proximinal
subsets of X.
Theorem 1.2 (Kaneko). Let (X,d) be a complete metric space and T :X → P(X) be such that
H(T x,T y) h(x, y)d(x, y) for each x, y ∈ X (1)
and for some nonnegative function h that satisfies
sup
{
h(x, y): a  d(x, y) b
}
< 1 (2)
for each finite closed interval [a, b] ⊂ (0,∞). Assume also that if (xn, yn) ∈ X × X is such that
lim
n→∞d(xn, yn) = 0 then limn→∞h(xn, yn) = k for some k ∈ [0,1). (3)
Then T has a fixed point in X.
Theorem 1.2 gave a partial generalization to a theorem of Dugundji and Granas [5] to the
multi-valued mappings with the additional condition (3). The proof for the single-valued case
can be found in [6, p. 16]. A complete generalization to the multi-valued mappings is not yet
known.
In this paper, we prove that due to the additional conditions of Theorems 1.1 and 1.2, the
map T reduces to a multi-valued contraction. We characterize these two contractive types by
analyzing the orbit of the multi-valued map.
2. Main results
Let CB(X) denote the family of all nonempty closed and bounded subsets of X. Then the
Hausdorff metric on CB(X) is given by
H(A,B) = max
{
sup
a∈A
d(a,B), sup
b∈B
d(A,b)
}
,
where d(a,B) = infb∈B d(a, b) is the distance of the point a to the set B .
We state two properties which we will be using in our results.
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2. Let A,B be bounded subsets of X. Then
d(x,B) d(x,A) + H(A,B).
For x ∈ X, we define the orbit of T in the multi-valued setting as
OT (x) = {x} ∪ T x ∪ T 2x ∪ · · · ,
that is OT (x) =⋃∞n=0 T nx where T nx =
⋃
w∈T n−1x T w.
Proposition 2.1. Let (X,d) be a complete metric space and T :X → CB(X) be a multi-valued
Lipschitz map. Let M = OT (x0), x0 ∈ X. Then T is invariant under M .
Proof. Let x ∈ M . Then there exists a sequence {xn}n∈N ∈ OT (x0) such that xn → x. Since T is
a multi-valued Lipschitz map H(T xn,T x) → 0.
Let y ∈ T x. Since d(y,T xn)  d(y,T x) + H(T x,T xn), d(y,T xn) → 0. Choose zn ∈ T xn
such that d(y, zn)  d(y,T xn) + 1n . So d(y, zn) → 0 which implies that T x ⊆ M . Hence T is
invariant under OT (x0). 
Lemma 2.1. Let the function h satisfies conditions (2) and (3) of Theorem 1.2. Then
sup{h(x, y): 0 d(x, y) b} < 1.
Proof. Suppose sup{h(x, y): 0  d(x, y)  b} = 1. Then there exists (xn, yn) ∈ X × X such
that h(xn, yn) → 1. But because of (2), d(xn, yn) → 0 which is a contradiction to (3). Hence the
proof. 
We can see that condition (3) is necessary for proving the lemma for which we give the
following example.
Consider X = [0,∞) and T :X → X defined by T (x) = x1+x , with the usual metric. Then
d(T x,T y) α(x, y)d(x, y) where α(x, y) = α(d(x, y)) = 11+d(x,y) .
We now consider the following result due to Rakotch [12] for a single-valued map.
Theorem 2.1 (Rakotch). Let (X,d) be a complete metric space and T :X → X be such that
d(T x,T y) α(x, y)d(x, y)
where the function α(x, y) satisfies the following conditions:
1. α(x, y) = α(d(x, y)), that is, α is dependent on the distance between x and y only.
2. 0 α(d) 1 for every d > 0.
3. α(d) is a monotonically decreasing function of d .
Then T has a unique fixed point.
Remark 2.1. It is to be noted that the function α defined by α(t) = 11+t satisfies all the conditions
of the Rakotch theorem. So we infer from the above example that the conditions of Kaneko are
stronger when compared to that of Rakotch if restricted to single-valued mappings.
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Proposition 2.2. Let (X,d) be a complete metric space and T :X → CB(X) satisfies conditions
(1) and (2) of Theorem 1.2. Then for each n ∈ N, the set of natural numbers, T nx is a bounded
subset of X.
Proof. Let n = 2. Let u,v ∈ T 2x. So u ∈ Tw1 for some w1 ∈ T x and v ∈ Tw2 for some
w2 ∈ T x.
For u ∈ Tw1, given β > 0 we can find v1 ∈ Tw2 such that
d(u, v1)H(Tw1, T w2) + β,
d(u, v) d(u, v1) + d(v1, v)
H(Tw1, T w2) + δ(T w2) + β
 h(w1,w2)d(w1,w2) + δ(T w2) + β.
Therefore d(u, v)M for some M > 0. This implies {T 2x} is bounded.
In similar lines, it can be seen that for each n ∈N, T nx is a bounded subset of X. 
Theorem 2.2. Let (X,d) be a complete metric space and T :X → CB(X) be such that
H(T x,T y) h(x, y)d(x, y) ∀x, y ∈ X, (4)
where h :X × X → (0,∞) is such that
sup
{
h(x, y): 0 d(x, y) b
}
< 1 (5)
then the orbit of T is bounded.
Proof. Let x ∈ X and T satisfies (4).
Claim 1. limn→∞ H(T nx,T n+1x) = r , for some r  0.
Let u ∈ T nx :=⋃z∈T n−1x T z and T n+1x :=
⋃
w∈T nx T w.
d
(
u,T n+1x
)= inf
t∈T n+1x
d(u, t)
 d(u,T w) for each w ∈ T nx
H(T z,T w) for some z ∈ T n−1x
 h(z,w)d(z,w)
 d(z,w).
Taking inf over w ∈ T nx,
d
(
u,T n+1x
)
 d
(
z,T nx
)
H
(
T n−1x,T nx
)
for each u ∈ T nx.
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H
(
T nx,T n+1x
)
H
(
T n−1x,T nx
)
.
This implies H(T nx,T n+1x) is a decreasing sequence and hence limn→∞ H(T nx,T n+1x) = r .
Claim 2. {T n(x)} is Cauchy in CB(X).
Let u ∈ T nx. Then for each w ∈ T nx
d
(
u,T n+1x
)
 h(z,w)d(z,w) for some z ∈ T n−1x.
Let  > 0. Now for each n ∈N and zn ∈ T n−1x, choose wn ∈ T nx such that
d(zn,wn) d
(
zn, T
nx
)+ . (6)
This implies
d(zn,wn)H
(
T n−1x,T nx
)+ .
Since (6) is true for each zn ∈ T n−1x, due to Claim 1 we see that the sequence {d(zn,wn)} is
bounded for all n. Since sup{h(x, y): 0 d(x, y) r + } < 1, let sup{h(zn,wn)} = k, for some
k ∈ [0,1). Therefore,
d
(
u,T n+1x
)
 h(zn,wn)
{
d
(
zn, T
nx
)+ },
sup
u∈T nx
d
(
u,T n+1x
)
 sup
zn∈T n−1x
h(zn,wn)H
(
T n−1x,T nx
)
(since  is an arbitrary constant)
 kH
(
T n−1x,T nx
)
.
In the same lines it can be shown that
sup
v∈T n+1x
d
(
v,T nx
)
 kH
(
T n−1x,T nx
)
.
Hence, H(T nx,T n+1x) kH(T n−1x,T nx). Since this is true for each n ∈N,
H
(
T nx,T n+1x
)
 knd(x,T x).
Since 0 < k < 1 we can see that the sequence {T n(x)} is Cauchy.
Let Yn := {T n(x)}. Since H(A,B) = H(A,B) and CB(X) is complete, there exists A ∈
CB(X) such that Yn → A.
Fix η > 0. Let u,v ∈ OT (x). This implies for u ∈ T n(x) there exists u1 ∈ A such that
d(u,u1)H(T n(x),A) + η.
Similarly for v ∈ T m(x) there exists v1 ∈ A such that d(v, v1)H(T m(x),A) + η.
d(u, v) d(u,u1) + d(u1, v1) + d(v1, v)
H
(
T n(x),A
)+ H (T m(x),A)+ 2η + δ(A).
Since Yn → A and η is an arbitrary constant, d(u, v)M for some M > 0. This proves that the
orbit is bounded. 
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In this section we establish the equivalence of Theorems 1.1 and 1.2 to the Nadler’s theorem.
Consider the Nadler’s theorem:
Theorem 3.1. Let (X,d) be a complete metric space and T :X → CB(X) be a multi-valued map.
If there exists k ∈ (0,1) such that
H(T x,T y) kd(x, y) for all x, y ∈ X
then T has a fixed point in X.
Assuming boundedness on the space X does not weaken the Nadler’s theorem. We prove this
equivalence after stating the following theorem:
Theorem 3.2. Let M be a bounded complete metric space, 0 < k < 1, and T :M → CB(M) be
such that
H(T x,T y) kd(x, y) for all x, y ∈ M
then T has a fixed point in X.
It is easy to see that Theorem 3.1 implies Theorem 3.2.
For the other way: From Proposition 2.1, T is invariant under OT (x). Since the contraction
satisfies condition (5), by Theorem 2.2, OT (x) is bounded. Hence by taking M = OT (x) in
Theorem 3.2, T has a fixed point.
Due to this characterization, we can see that the fixed point theorems proved by Mizoguchi and
Takahashi (Theorem 1.1) and Kaneko (Theorem 1.2) which are generalizations of the Nadler’s
theorem follow as corollaries of Theorem 3.2.
Corollary 3.1 (Kaneko). Let (X,d) be a complete metric space and T :X → CB(X) be such that
H(T x,T y) h(x, y)d(x, y) for each x, y ∈ X
and for some nonnegative function h that satisfies sup{h(x, y): a  d(x, y)  b} < 1 for
each finite closed interval [a, b] ⊂ (0,∞). Assume also that if (xn, yn) ∈ X × X is such that
limn→∞ d(xn, yn) = 0, then limn→∞ h(xn, yn) = k for some k ∈ [0,1). Then T has a fixed point
in X.
Proof. From Lemma 2.1 we can see sup{h(x, y): 0 d(x, y) b} < 1. Also OT (x) is bounded
from Theorem 2.2. Hence we can choose b = δ(OT (x)). Let M = OT (x). Proposition 2.1 im-
plies that T is invariant under M . Thus T restricted to M reduces to a multi-valued contraction
map and from Theorem 3.2, T has a fixed point in X. 
Corollary 3.2 (Mizoguchi and Takahashi). Let (X,d) be a complete metric space. Suppose
T :X → CB(X) satisfies
H(T x,T y) α
(
d(x, y)
)
d(x, y) for all x, y ∈ X, x = y,
where α : (0,∞) → [0,1) and lim supr→t+ α(r) < 1 for all t  0. Then T has a fixed point in X.
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orem 2.2. Hence by the previous argument T has a fixed point in X. 
Remark 3.1. Since the stronger condition assumed on t in Theorem 1.1 is a contraction, the
Reich conjecture in its general sense is still wide open. From the proof of Corollary 3.2, it is
evident that proving a complete generalization of Theorem 1.2 will be equivalent to solving the
Reich’s conjecture.
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